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2TOXAZTIKEZ AIAAIKAZIEZ & BEATIZTOMNOIHZH 2TH MHXANIKH MAGHZH
Reinforcement Learning - Markov Decision Processes

Supervised Learning - Teacher
BEATLOTN pUOULON TOU cuoTAMATOC HE BonBela e€wTtepkol SAoKAAOU, YVWOoTN EMBUUNTWY
e€odwv (labels) bedopevwy delypatoc pabnonc (labeled training examples - sample points)

Unsupervised Learning
AutopuBuLlOopeVo cUCTNMA TTOU KWOLKOTIOLEL OTLC TIAPAUETPOUC TOU LOLOTNTEC HedOoUEVWV
nadnonc (unlabeled training examples), eAntilovtoc o€ yevikevon pe véa dedopéva test

Reinforcement Learning - Agent
* Antodadoelc (actions) amnod agent o€ opilovia K Bnuatwyv mou ennpeadlouv tnv €EEALEN
KATOOTAOEWV (states) meplBailAovtocg (environment) L€ CUVETTOYOUEVO KOOTOC/OPEAOC

* >xedLaopoc oAtk (policy planning) kataotdoswy - anodacswv (states - actions) Tou
agent yLo. LECO - LAKPOTIPOOECO OTOXO MECW SLAdPAOTIKOU CEVAPLOU pabnong

* EpyolAeia: Auvapikog MNpoypappatiopog (Dynamic Programming), ZTOXAOTIKEG AladLKAoLEC
Anodaocswv Markov (Markov Decision Processes)

State * Ta Napadeiypata Mabnong (Training Examples,
— Agent Sample Points) o€ Supervised & Unsupervised
Learning ouvndwc npooeyyilovtal cav aveéaptnteg
T Tuxaieg petaPAnteg o moAunAnBn delypata

Cost

* 310 Reinforcement Learning n padnon cuvnwg
Baoiletal og Suvapka oevapla eEEAENC, LE

Environment < — e€aptnoeLg kataotdoswv Markov tou

Action MeptBaAAovrocg amno moALTIkEG Tou Agent
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Reinforcement Learning - Markov Decision Processes (1/2)
Oplopot Markov Decision Processes

Nemepaopévocg AsLypoTiKOC Xwpoc X SLakpLtwy KATooTaoswyV (states) meplBaAAovtoc oe
SLOKPLTEC XPOVIKEC OTLYHEG (BApata) n = 0,1,2, ..., K

Tuxaia petafAnt X,, € X mou AapPavel Stakputegtipneg X, =i, 1<i <N
Memepaopevog Aslyatikog Xwpog A; dtakpltwv anodpacewv (actions) mou opilel o agent
otav to neplBariov Bploketal otn katdotaon X, = i:

Tuxaia petafAnt) 4, € A; anddaong oTo n, UE TIUES A OTAV X, = 1
MetaBaoelg Markov p;j(a) ano kataotaon neplBAANOVTOC i O€ KATAOTACK j UTIO TNV
EMNPELA TNG amodaonc Tou agent a ota dtakprd fApoatan = 0,1,2, ..., K

pij(a) = P(Xpy1 = jlXn =i, 4, =0a), pij(a) 20, X;pij(a) =1
Apeco kootog (observed cost) Tou agent oto Bripa n Otav MAipVeL anodaon a;, mou odnyet
oe petaBaon (Xp=1) = (Xp+1=J):

g(i,a;, j) ko pe anocBeon vy g(i, a;y, j) ue cuviedeotn 0 < y < 1 (discount factor)
v Avy = 0 o agent 6gv evbLadepetal yla LEANOVTLKEC ETUMTWOELC amodAOEWY TOU (myopic)
v 0co Y - 1 oL anoddoelg tou agent kabopilovtal CNUAVTIKA Ao LEAANOVTIKEC ETUTTWOELG

MoAwtikn (policy): T = {Wg, Uy, --» Uy, - } OTIOU W, CUVAPTNON TIOU OTO Bripa n opilel
avTtlotoixnon uLag katdotaong X, = i o€ anodpdoelg A,, = a tou agent
W, (1) € A; yia 0Aeg TIg kataotaoel i € X (m admissible policies)

Av u, (i) = u(i) oe kaBe Brua n n moAwtikn T = {|, 1, ... } elval xpovootaBepn (stationary)
KQLL OL LETAPBACELG P (a) opllouv (xpovootabepn) aAvoiba Markov (X,= i) = (X,11=J)
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Reinforcement Learning - Markov Decision Processes (2/2)

Oplopoi BeAtiotonoinong Auvapikou Mpoypopioticpou
To ouVOALKO KOOTOG aBpoiletal os menepacpéva Brnata K (Finite-Horizon) o€
(emavaAappPavopeva) eneloodia (episodes) i aneploplota K — oo (Infinite-Horizon) oo ta
aueoa kootn petaBacewv Markov X,, = X, 11 ANoyw W, (X;,):

g(XTl’ Un (Xn)r Xn+1)

To CUVOALKO QVOLEVOLLEVO KOOTOC O€ ATEPLOPLOTO 0opllovta AOYwW TOALTIKAC

T = {Wo, U1, - Ky, --- } HE OPXLKN KOTAOTOON X = [ KO amocoPeon Y (Total Discounted Expected
Cost-to-Go over Infinite Horizon) sivad:

JT(@) =E IZ Y9 (X W (X)), X4 1) [ Xo = i
n=0

Znteitot oAtk T ehatotoroinong tou J™(i): J*(i) £ minJ™(i)
TC

H avwtépw moALtiki Tt eivatl anAnotn (greedy) pe tnv €évvola Tou OTL 0 agent eTUAEYEL
arodAoelc mou ehaylotonololv to Expected Cost-to-Go J™(i) amd tnv apxLkr Katdotoon
Xy = i abladopwvtag yla mibava KaAUTepeG EVAANAKTIKEG eEEAELEELS

Av n ToAtikn) meplopiletal og xpovootaBepeg amodacelg T = {|, 4, ... } TOTE
J™(@) £ JH(i) kot to TeAko InToupevo ival n BEAtiotn ouvaptnon w(X;,) mou
ghaylotomotetl ta JH (i) = J* (i) yio OAEC TIG OPXLKEG KOTAOTACELS Xy = i

Znueiwon: EvaAAaktika pe To Kpuerplo Total Discounted Expected Cost-to-Go umopel va opLloTel KpLtipLlo Xwpeig
anooBeon n.x. Expected Average Cost ava Bnua o€ Infinite Horizon (Sheldon Ross, “Applied Probability Models with
Optimization”, Dover, 1992)
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Principle of Optimality (Bellman 1957) - Finite Horizon Problem

Eotw Sdwadikaoia anodpdoswv Markov og opifovta nmenepacpevwy Bnuatwyv n < K pe Kk6otn
InXny Un(Xn), Xnv1) 2 Vg (X, U (Xn), Xnt1), m < K KoL KOOTOG TEPUATIKAG KATAOTOONG
9k (Xk). To Expected Cost-to-Go o€ K Bripata kot akoAouBia katactacswv {Xy, X1, ..., Xk}

slval:
K—-1

Jo(Xo) = E|49x(Xk) + z In(Xn, e (X)), Xna1) ¢ | Xo
n=0
Mua BéAtiotn moAwtikn T = {Ug, U1, K5, ..., Mg —1} 0ONYEL TO TIEPLBAAAOV PETA QMO N
BApata, n < K o€ oepd katactacewv {Xg, X1, ..., X, }. To umoAeunopevo Expected Cost-to-
Go yw {X;,11, Xp42,-, Xg} €lVOL:
K—1

InC) = B3 g (i) + ) 01 Kie e (Kied, X 1 X
k=n

Tote n mepkoppévn (truncated) oAty {Wy, W41, - Mg —1} €lval BéATLoTn yla tnv
urtoAeutopevn dtadwacia { X, 11, X542,., Xk} LE kKaTAOTOON EKKivnong tnv X,, (Principle of
Optimality)

Epunveia: Av n meplkoppeévn moALtikny dev Atav BEATLOTN, TOTE LOALC N CUVOALKA BEATLOTN
moAttikn ° odnyouoe 1o mepLBaAlov otn katdotaon X, o agent Ba pmopouvoe va aAAAEEL
TOALTIKN yLot Ta uTtoAEOpeva Bripata {n + 1,n + 2, ..., K} ko Oa metdyawe pkpotepo
OUVOALKO KOOTOC Qo TNV ™
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Avvapkdg Npoypappatiopdc (Bellman 1957) - Finite Horizon Problem

To Bellman Principle of Optimality obnyet o€ aAyoplOpo Auvapikou NMpoypappoticpol
(Dynamic Programming) mpoodloplopov BéAtiotng MoAwtikng ™ = {uy, Ui, U3, -, Mg —1} O
Tpla otadia pe avaotpodn xpovikn ospd K - (K—1) > (K—-2) > - > 1-0

1. EUpeon BEATLOTNG TTOALTIKAG Hi_q Yl TO TEAWKO BAna X1 = X
2. Na ta §Vo tehkad BApata Xg_, = Xx_1 = X €UPEON TNG Ux—o ME VAl olwTn TNV Ui_q
3. EmavaAnyn péxpt to Brina n = 0 koL mTpooSLlopLlopog TNG iy TTOU CUMTIANPWVEL TNV T

AAyopLOpo¢ Auvapikou MpoypapaTiopou
1. Ekkivnon pe Jx (Xx) = gx (Xk) yia OAeG TIG TEAIKEG KATAOTAOELG X

2.Twun={K—-1,K—-2,...,1,0} umoloyiloupe avadpopka ta urtoAemopeva Expected
Cost-to-Go [,,(X,,) yla OAEC TIC KATAOTACELS X, KaL TG AmodAOELS WL, UE TOV AVaSPOULKO
Turo anAnotwv (greedy) anopacswv:

Jn(Xy) = rﬂin E[gn(an Wn (Xn), Xn41) +]n+1(Xn+1)]
n
H peon T otov avadpopko TUmo adopd o€ OAEG TIG KATAOTAOELG X,y 41

3. TEAIKOG TPOGSLOPLOUOG TV [ (X)) Yo OAEC TIG OPXLKEG KOTAOTACELS Xy Kal TNG BEATLOTNG
™ = {Ugy, U1, - » Mg —1} TWV QTOPACEWV L, TTOU EAAXLOTOTIOLOUV TOV OVASPOLLKO TUTIO
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Optimality Equations — Infinite Horizon Problem, Stationary Policy
Eotw Swadikaoia anodpacswv Markov pe amnepo opilovta €EEALENG, TIEMEPATUEVEC

KOTOOTAOELG X, € {1,2, ..., N}, xpovootaBepég MOALTIKEG TT = {|, LY, ... }, KOOTN
In X, (X)) Xny1) £ V"9 (X, (X)), Xny1), amooBeon 0 <y < 1 kow apxiki kataotaon
Xy = Xq pe u(Xp). Znteital n moAwtikn w(i) ywa eAaxioto Expected Cost over Infinite Horizon
Me emavadilatuniwon touv Avadpouikov Turou AvvapitkoU lMpoypapUaTicUoU KoL aVaoTpo@n
¢ xpovikng eé€Aténc oe n = 0,1, 2, ... €XOUE yLa teEMePACEVO opilovta K:

Jn+1(Xo) = muin E[(g(Xo, n(X0), X1) + v/n(X1))1Xo] ko apxikiy ouvBrkn Jo(X) = 0, VX

o anelpo opilovtog Kal X, = i n BEAtotn oAtk Sivel kootn J* (i) = I}im Jx(D),Vi=>

J (@) = m&n E[(g(, n(@), X1) + v/ (X))|Xo = i]
Opiloupe c(i, u(i)) 10 duECO avausvouevo kootog (immediate cost) katdotaong X, = i otav
AapBavetal n anodoaon u(i), ue Tn LEon TN va TEPLAAUPBAVEL TIG KATAOTACELS Xy = j :

N
e(i,n(®) 2 Elg(i,w(D, X = DIXo = 1 = ) piyg(i,n(D),))
j=1

H BéAtiotn moAttikr Sivel avapevopevo kdotog oto 1o BApa E[J* (X)X, = i] = 9’=1 piji]*(j)
TeAwkd mpokunttouv N e€lowoelc BeAtiotonoinong (Bellman’s Optimality Equations):

N
J @ =min| c(i,n®) +v ) Pyl G) |si =12, N
=1

OL N eflowoelg mpoaodlopilouv ta BEAtiota J* (i) kat tn BEAtiotn oAtk w(i) Héow Twv
aAyopiOuwv Policy Iteration \ Value Iteration
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AAyopOpoc Policy Iteration (1/2)
Oplopadg Q-factor
Eotw xpovootaBepn moAwtikn T = {|, I, ... } Tou odnyel o€ avauevoueva costs-to-go
JH(i), Vi € X (kataotdoelg tou eptBaAAovrog) pe anodaoelg tou agent a = p(i) € A;

Mo kaOe (evyoc (i, a) oto umo e€€taon BrMOL KOL TIOALTLKY VLAl TAL UTTOAELUTOMEVA Bripata

T = {W, I, ... } opt{w toug Q-factors Q" (i, a) oav PETPO KATATAENG EVAANAKTIKWY AUECWV
anopdacewv a € A; Tou agent mou Ba odnyouvcav to teptBaAAov anod mapoloa KATACTOON
[ O€ KOTAOTOON j E OVAUEVOUEVA UTIOAELTOUEV costs-to-go JH(j),Vj € X

N
0", @ £ (i, @) +v ) pyy(@) ()
j=1

Mua toAttikn T = {y, I, ... } LkavoTmoLel Tig cuvBnkeg anAnaotiag (greedy conditions) og oxeon
e Ta avapevoueva costs-to-go JH(j) ota umoAeutdueva Bripata otav o€ kKABe Bripa Kal
Vi € X o agent emheyeL a = (i) wote

QY (i, u(d)) = rrelgll Q"(i,a),Vie X
a [
Mua oAtk T = {u*, u’, ... } elval BEAtiotn yla OAa ta Bripota oV LKOVOTIOLEL TLG OUVONKEG
antAnotiag (greedy conditions) Tou SuvapLKOU TIPOYPAUMATIOMOU:

Q" (6w () = min Q" (i, @)

Inueiwon: Otav ta dpeoa avapevopeva kootn c(i, a) avtikadiotavtol anod rewards r(i, a),
ta costs-to-go JH(i) amokahovvrtal Value Functions V(i) kat €xoupe kat’ avtiotouyia:

Q"(i, @) £ 7(i, @) +¥ )2y pyy (@) VH() ket @ (' () = max Q¥ (5, @)
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AAyopi0poc Policy Iteration (2/2)

ApxLltektovikn Actor — Critic
(A.G. Barto, R.S. Sutton & C.W. Anderson, "Neuronlike adaptive elements that can solve difficult learning
control problems," IEEE Transactions on Systems, Man, and Cybernetics, vol. SMC-13, Sept. — Oct. 1983)

EnavaAnyegn = 0,1,2, ... anod Svo BRpata PEXPL Uy 41 (D) = py,(0), JHr+1 (i) = JMn (i), Vi

Brnjua 1. Policy Evaluation (o critic avaAvel Ti¢ anodAoelg Tou agent):
Me Baon tnv napovoa oAwtkn 1, = {W,, ly, ... } UTOAOyilovtal Ta costs-to-go

JHn (@) = (i, un (D)) + v 20121 (n (D) JHn () yia Vi

Ma Vi kaL Va € A; unoloyilovral ta Q-factors: Q4 (i,a) = c(i,a) + yZ?Ll pij(a) /' ()

Brijua 2. Policy Improvement (o actor kaBodnyetl ti¢ anmoddaoelg tov agent):

H moAwtikn T, BEATLWVETAL OF T, 1 HEOW TNG Uy4q1 (D) = arg rrel}/rzl Q" (i,a) ywi=1,2,..,N
aEA;

arg min f (x): H Tl tng x mou odnyei tnv f (x) oe eAdyLoto
X

TABLE 12.1 Summary of the Policy Iteration Algorithm

1. Start with an arbitrary initial policy p,.
2. Forn=0,1,2,...,compute J*(i) and Q"(i, a) for all states i € % and actionsa € ;.

3. For each state i, compute
Hasi(i) = arg min Q¥(i. a)
a =,

4. Repeat steps 2 and 3 until p, . is not an improvement on y,, at which point the algorithm terminates
with p, as the desired policy.

(‘u»\] O-20
function

J
—

Policy
evaluation

A

Q-factor:

0"(i, a)

—

Policy
improvement

[ransition

probabilities

Policy
L

O aAyoplOpoc ouykAivel og BEATLOTN TTOALTIKA OE EMEPAOCHEVA BApata n AOyw
TEMEPACUEVOU TIANO0oUG KataoTtdoewv N Kol TIEMEPACUEVWVY ETUAOYWV OO ACEWV
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Value Iteration Algorithm
Ektipnon twv Zuvaptrioewv Cost-to-Go péow Aradoxikwv Mpooeyyioswv J,, (i) — J,,+1(i)

* Ekkivnon pe avBaipeteg tpég Jo(i) Vi
* EmavaAnyelg n = n + 1 pexpL avekrn ouykAion (Bewpntikd n — ) peow oxeoswv backup:
Jns1 (@) = né}'jgl{c(i, a) + yZ?’zl pij(a) J.(j) } yiai=1,2,..,N (ano e€ilowoelg Bellman)
a i
*  TeAKOC UTTOAOYLOMOC TwV BEATIOTWY Costs-to-Go
J*@) = lim J, (@), Q*(,a) = c(i,a) + Y 21 0 (@] ()

KOl IPOOSLOPLOWOG TNG BEATIOTNG MOAwTik¢ W' (i) = arg rrelgll Q*(i,a) ywai=1,2,..,N
aEA;

TABLE 12.2 Summary of the Value Iteration Algorithm

1. Start with arbitrary initial value Jy(:) for state i = 1,2, ..., N.

2. Forn=0,1,2,...,compute

v ac o O aAyoplBuog Value
"rn—l(i} = H'l_in {C(i* a} + Yy zpij(a}"rn{f}*}‘ P =1 £2 N o 1
a=d = i=12.. Iteration av cUYKALVEL O€
Continue this computation until l.KaVOT[Ol.nTl.Ké Xpévo’
[ ar1(i) — J(i)] < € for each state ¢ OLT[O(I)El')VEL UT[O}\OVLO'IJ.OLIJC
where € is a prescribed tolerance parameter. It is presumed that e is sufficiently small for J,(i) to be _ !
close enough to the optimal cost-to-go function J*(7). We may then set Q fa ctors kot EV6 Lauson
J (i) = J*(i)  for all states i avavewon T[O)\LTLKr]C O€
3. Compute the Q-factor KAOe Br’“.la (’)T[wq (0] POIicy
N for a € «l; and j
Q*(i,a) = c(i,a) + vy zlpij(ﬂ}f*(f) I-Dlal 5 J{q;; Iteration
H s 2y

Hence, determine the optimal policy as a greedy policy for J*(i):

(i) = arg min Q*(i, a)
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Napadeypa Auvapikou MNpoypappatiopol: BeAtiatonoinon ApopoAéynang
EUpeon Apopwv EAaxiotou Kootoug amo Koppo A o Koppo J pEow tou povo-
KateuBuvTLkoU ypadou OMwWE OTO OXNHO LE KateuBuvon ypoupwyv A 2 A
EVOELKTIKO KOOTOC YPOUUWV:A — B:2, B = A: o0
B—-F:4,F - B:o
Evéelktiko k0otog dpopou: Apopog {A,B,F,1,]}: 2+4+3+4 =13 )
Kataotaon Nepifarrovrog: KoppBog o mapovoa diepevvnon {4, B, ...,J} (&
Anodaoeig Agent: Emopevog koppog yia diepevvnon {up, down, staight}
Avadpopikdc Yrtohoylopog Q-Factors: v
Q(H,down) = 3, Q(l,up) =4
Q(E,staight) =1+ 3 =4, Q(E,down) =4+4 =38
Q(F,up) =6+3 =9, Q(F,down) =3+4=7

KatevOuvon MNpoppwv
A (ApLOTEpéL) TI: A (AeLa)

B E H

BéAtiotoL Apopot Kootoug 11:
{A,C,E.H, ]} {A D EH]J}L{ADF,IL]J}

AAyopBpuotL Auvapkou Mpoypappatiopol Bellman-Ford otnpilouv tnv §pouoAdynon Border Gateway Protocols (BGP)
avapeoa ota ~78,000 Autovopa Zuotipata (Autonomous Systems, AS) oto Internet (~900,000 yvwota diktua)




